arXiv:1506.01272vl [math.OA] 3 Jun 2015 


CLASSIFICATION OF C*-ALGEBRAS GENERATED BY 
REPRESENTATIONS OF THE UNITRIANGULAR GROUP t/T(4,Z) 

CALEB ECKHARDT, CRAIG KLESKI, AND PAUL MCKENNEY 


Abstract. It was recently shown that each C*-algebra generated by a faithful 
irreducible representation of a finitely generated, torsion free nilpotent group is 
classified by its ordered K-theory. For the three step nilpotent group 17T(4,Z) we 
calculate the ordered K-theory of each C*-algebra generated by a faithful irreducible 
representation of 17T(4,Z) and see that they are all simple AT algebras. We also 
point out that there are many simple non AT algebras generated by irreducible 
representations of nilpotent groups. 

1. Introduction 

The last few years witnessed several breakthroughs in the theory of simple, nuclear 
C*-algebras. The hands of Rprdam, H. Lin, Z. Niu, Winter, Matui and Sato joined to 
show that if a C*-algebra satishes several abstract properties (see Theorem 12.ip then 
it necessarily has the concrete property of being an approximately subhomogenous 
algebra and is moreover classihecO by its Elliott invariant. 

In other words, if a C*-algebra A satishes Theorem 12.11 then it is an inductive limit 
of subhomogeneous C*-algebras—but knowledge of the Elliott invariant of A provides 
(in theory) an explicit decomposition of A as a limit of subhomogenous C*-algebras 
and therefore a wealth of information about its structure. This provides an entire 
new avenue of study for those important classes of C*-algebras that do not have an 
obvious inductive limit structure, e.g. C*-algebras produced by dynamical systems or 
group representations. We travel this new avenue of study by calculating the Elliott 
invariant of C*-algebras generated by faithful irreducible representations of the three 
step nilpotent group f/T(4, Z). 

The odd-numbered authors showed that if E is a hnitely generated torsion free 
nilpotent group and tt is a faithful irreducible representation of E, then C'*(7r(E)) 
satishes Theorem 12.11 Therefore our present results combined with Theorem 12.31 de¬ 
termine the structure of C*-algebras generated by faithful irreducible representations 
of t/r(4,Z). 

Our current program was carried out (without the aid of Theorem 12.ip for many 
two-step nilpotent groups. Perhaps the best known example is Elliott and Evans’s 
work on the irrational rotation algebras in m. They showed that the C*-algebras 
generated by faithful irreducible representations of the discrete Heisenberg group Us 
are AT algebras. The Elliott invariant had long been known for these algebras by the 
work of Riehel and Pimsner and Voiculescu [^[231, 1^ . 

^See Definition for our working definition of “classified” 
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It follows from the main theorem in Phillips’s preprint [21] that the C*-algebra 
generated by a faithful irreducible representation of a hnitely generated two-step 
nilpotent group is an AT algebra. This is essentially the reason that we focus on the 
three step nilpotent group 17T(4, Z) as it is the least complicated, most natural group 
covered by Theorem 12.31 but not by Phillips’s theorem. 

We briefly explain the technical aspects of our calculations. The C*-algebras gen¬ 
erated by faithful irreducible representations of [/T(4,Z) are parameterized by the 
irrational numbers in (0,1). For a G (0,1) and irrational let us denote by Ba the 
C*-algebra generated by this representation. The Pimsner-Voiculescu six term exact 
sequence and a straightforward application of a theorem of Packer and Raeburn [19] 
show that Ki{Ba) = Z^*^ for i = 0,1. The bulk of our work is then devoted to divining 
the order structure on Kq^Bo). We do this by locating a well-behaved (with respect 
to order structure) hnite index subgroup G < 17T(4,Z) and applying Pimsner’s [24] 
to show that the order on Ko{Ba) is determined by the representation restricted to 
G. In particular we show the order on KQ{Ba) is given by the hyperplane with normal 
vector (1, a, 0,..., 0). 

With the K-theory of each Ba in hand, in Section [6] we address when Ba = Bp. It 
is fairly easy to see that if a is transcendental or algebraic with minimal polynomial of 
degree greater than or equal to hve, we have Ba = Bp if and only if a = ±/9 mod Z. 
On the other hand, if the degree of the minimal polynomial for a is less than or equal to 
four the situation is much more interesting (see Theorem 16.21 and following examples) 
and contrasts with the case of the irrational rotation algebras. An extremely crude 
summation of the works [22ll23ll25j is “two irrational rotation algebras are isomorphic 
if and only if they are obviously isomorphic.” Theorem 16.21 shows cases with Ba = Bp 
that are not obviously isomorphic, i.e. the classihcation theorem (Theorem 12.11) is 
essential. 

As mentioned above, Phillips showed that every C*-algebra generated by an ir¬ 
reducible representation of a hnitely generated two-step nilpotent group is an AT 
algebra. All of the algebras considered here also turn out to be AT algebras. For the 
sake of completeness we hnish the paper with Section [7] by pointing out that there 
are many C*-algebras generated by faithful irreducible representations of three-step 
nilpotent groups that are not AT algebras. 

2. Preliminaries 

In this section we dehne our objects of study and recall the necessary C*-algebraic 
background. For information on the properties of AT algebras we refer the reader to 
Rprdam’s monograph [27]. The following major theorem is crucial to our investiga¬ 
tions. 

Theorem 2.1 (Rprdam, H. Lin, Z. Niu, Winter, Matui and Sato [I3HISII2SIE3])- 
Let A and B be unital, separable, simple, nuclear, quasidiagonal C*-algebras with 
unique tracial states and finite nuclear dimension that satisfy the universal coefficient 
theorem. Then A is an approximately subhomogeneous C*-algebra. Moreover, if 
{Ko{A), Ko{Ay, [U], KfiA)) = {Ko{B), iFo(5)+, [lB],KfiB)), then A = B. 
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Definition 2.2. In this paper, when we say a C*-algebra is classifiable we mean 
that it satisfies the hypotheses of Theorem 12.11 In reality, the term “classifiable” 
refers to a much larger class of C*-algebras. We sacrificed generality for clarity in 
our definition. See the recent preprint HH for a much more general definition of 
classifiable. 

Theorem 2.3 (See [SMS])- Let T be a torsion free finitely generated nilpotent group and 
71 a faithful irreducible representation ofT. Then C'*(7r(r)) is classifiable (Definition 

Definition 2.4. For a group T, let Z{T) < T denote the center of T. For a, 6 G F, set 
[a, 6] = aba~^b~^. The unitriangular subgroup of GL{A^X) is defined as 


( 2 . 1 ) 


C/T(4,Z) 



013 ®14 

^23 ®24 

1 034 

1 


Ojj G Ti 


The following subgroup of f/T(4, Z) plays a key role in our calculations. 


IH 14 — {o G UT{4i^ Z) : O 23 — 0}. 

For each 1 < i < j < 4, let Cij G MfiX) be the (i, j)-matrix unit. One easily verifies 
the following commutation relations: 


( 2 . 2 ) 

Notice that 


(2.3) 


[1 + Cij, 1 + eki] — 1 + djkCii — diiCkj- 


Z{UT{A,Z)) = 


/ 1 0 0 o \ 
1 0 0 
1 0 


V 


: o G Z > = Z. 


1/ 


2.1. Representation-theoretic description. 


Definition 2.5. Let 6* G M. Define the trace on t/T(4, Z) as follows: 


r e“ if X e Z{UT{ 4 , Z)) 
\0 if X ^ Z(f/T(4,Z)) 


Let Tie denote the GNS representation of UT{4,Z) associated with tq. 


Let 71 be an irreducible, faithful, unitary representation of UT{A,Z). It is well 
known (see |31[T21[IT] or the introduction of [S]) that there is an irrational 0 G M such 
that C'*(7r(f/T(4,Z))) ^ C*{ 7 ie{UT{ 4 ,Z))). 


Definition 2.6. For each 6* G M we define 


Be = C*{ 7 ie{UT{ 4 ,Z))). 
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2.2. Crossed product construction. In order to describe the order structure on 
Kq{Bq) we describe Bq as a crossed product. Recall the dehnition of 1 HI 4 in Dehnition 

El 

Lemma 2.7. Let 9 he irrational and Ag denote the irrational rotation algebra asso¬ 
ciated with 9. Then C*( 7 r 0 (]H[ 4 )) = Ag Ag (ng is the representation from Definition 

IQ) . 

Proof. By the relations in fl2.2p . one sees that C*{'n'g{l-\-ei 2 ), 710 ( 1 + 624 )) and C*{7ig{l-\- 
Cis), 710(1 + 634 )) are two commuting copies of Ag. The conclusion then follows by the 
simplicity of Ag, the nuclearity of Ag and Takesaki’s theorem on the simplicity of 
simple minimal tensor products (see |32l Corollary IV.4.21]). □ 

We now describe the conjugation action of 1 + 623 on Ag® Ag. Dehne the automor¬ 
phism : IHI 4 —)■ IHI 4 by 

(2.4) = (1 + 623 ) 2^(1 + 623 ) ^ = [1 + 6235 2 ;]x. 

This combined with the relations in fl2.2p produces 

f3{l + 612 ) = 1 + 612 — 613 , 

/?(1 + 613 ) = 1 + 613 , 

/^(l + 634) = 1 + 624 + 634 , 
fiil + 624 ) = 1 + 624 - 

Summarizing the above discussion we obtain 

Theorem 2.8. Let u,v he standard generators of Ag. Then Bg = [Ag ® Ag) xi^ Z 
where 

(3{u ®l)=u® u~^, 

/3{v (g) 1 ) = n 0 1 , 

/ 5(1 ® u) = 1 ® u, 
fill ®v) = v®v. 

2.3. Twisted group C*-algebra. In order to calculate the K-groups of Bg we de¬ 
scribe Bg as a twisted group C*-algebra. Everything in this section will be well- 
known to experts in twisted group C*-algebras. We recall the necessary dehnitions 
(see for example Section 1 of [TH]) for the non-experts. Let T be a discrete group and 
cr : T X T —)• T a 2-cocycle (also referred to as a multiplier). The involutive Banach 
algebra a) is formed with the following multiplication and involution 

(2.5) f * g{s) :=^f{t)g{t-^s)a{t,t-^s), f*{s) = a{s-^, s)f{s-fi. 

ter 

The left regular representation of ^^{T,a) is dehned on B[fi^{T)) as 

Kf){9){t) = '^(^{s,s~h)f{s)g{s~h). 

s&V 

The reduced twisted group C*-algebra is dehned as C*(T,a) = C*(A(f'^(r, a))). 

Let Z be the center of UT{A,7j) and C = {x G [/T(4, Z) : X 14 = 0 } C UT{4:,Z). 
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Notice that C is a complete choice of coset representatives for UT{A^'L)/Z. Let 
c : UT{4,Z)/Z —)■ C be the unique lifting of the quotient map. Following [20] for 
each 0 G M, we dehne the 2-cocycle ug : 17T(4, 'L)IZ x f/T(4, Z)/Z —)■ T by 

uJe{xZ,yZ) = Te{c{xZ)c{yZ)c{xyZ)~^). 

Proposition 2.9. Let ujg be the cocycle from above. Then Bg is isomorphic to the 
reduced twisted group C*-algebra C*{UT{4:^7 j)/Z^ ug). 

Proof. Let Lf{UT{4, Z), Tg) denote the Hilbert space associated to the GNS represen¬ 
tation of Tg. 

It was shown in [5l Lemma 2.4], that {(5a; : a: G C*} is an orthonormal basis for 
L\UT{4:,Z),Tg) and W : L^(UT(4,Z),Tg) £^(UT(4, Z)/Z), given by = S^z, 

is unitary. Moreover [S] Lemma 2.4] shows that Bg is generated by {7rg(x) : x G Cj. 
Very easy calculations and [S] Lemma 2.4] show that for each x E C we have 

WiTeix) = X{xZ)W. 

It then follows that Bg = C*{UT{4,Z)/Z,ojg). □ 

3. Computation of 

We now use the fact that each Bg is a twisted group C*-algebra to calculate their 
unordered K-groups. Throughout this section we set 

r = VT(4,Z)/Z(f/T(4,Z)). 

Lemma 3.1. IFe have 

Ko{C*{T)) = Ki{C*{T)) = Z^^. 

Proof. Note that F = Z"^ xIq Z where (ei 2 , 613 , 624 , e 34 )/Z(f/T( 4 , Z)) = Z"^ and the 
automorphism a is implemented by conjugation of 623 mod Z(f/T(4, Z)). 

In other words, let Xi,X2,Xs, x^ be a free basis of Z^ and dehne 

(3.1) a{xi)=xi-X 2 , a{x 2 ) = X 2 , a{x 3 ) = X 3 , a{x 4 ,) = X 3 + X 4 , 

then F = Z^ xIq, Z. 

It is well known (see for example [SI 2.1] or [2]) that the graded ring K^{C{T*)) = 
/Lo(C(T^)) © iLi(C(T^)) can be identihed with the exterior algebra of 4 generators 
Cl, 62 , 63 , 64 over Z. Furthermore, Kq is identihed with those terms of even degree and 
the standard coordinate functions in (^(T"^) correspond to 64 , 62 , 63 , 64 . The induced 
action of a on iL*(C(T‘^)) is a ring automorphism. This fact combined with fl3.1l) 
shows that a^{x) = x for 

X G ( 1 , 62, 63, 61 A 62, 62 A 63, 63 A 64, 61 A 62 A 63, 62 A 63 A 64, 64 A 62 A 63 A 64}. 
Furthermore, 

a*(64) = 64 — 62, a*(64 A 63 A 64) = 64 A 63 A 64 — 62 A 63 A 64, 
a*(64) = 63 + 64, a*(64 A 62 A 64) = 64 A 62 A 63 + 64 A 62 A 64, 

which determines the homomorphism a* : Ki{C{T^)) —)■ Ki{C{T^)). It follows that 

(3.2) iF 4 (C'(T^))/(id - a,)(iF 4 (C'(T^))) ^ Zh 




6 


CALEB ECKHARDT, CRAIG KLESKI, AND PAUL MCKENNEY 


Similarly, the following calculations determine the Kq counterpart: 

A 63) = Cl A 63 — 62 A 63, Q:*(e2 A 64) = 62 A 63 + 62 A 64, 

Q:*(ei A 64) = 64 A 63 + 64 A 64 — 62 A 63 — 62 A 64. 

It follows that 

(3.3) Ko{C{J^))/{id - a,){Ko{C{J^))) ^ 

As was implied above, we have Kq{C{T‘^)) = Ki{C{T‘^)) = Z®. This fact combines 
with fl3.2l) . fl3.3p and the Pimsner-Voiculescu six term exact sequence for crossed 
products [231 Theorem 2.4] to prove the claim. 

□ 

Corollary 3.2. Let 0 G M. Then 

K,{Be)=l}^ /or* = 0,l. 

Proof. By Proposition 12.91 we have Bo = C*(T,U 0 ). When 9 = 0, Bq is isomorphic 
to the group C*-algebra C'*(P). For any two 6*4, 6*2, the cocycles and ojo^ are 
homotopic. Indeed, dehne r{t) := t9i + (1 — t) 92 , and a homotopy of 2-cocycles 
a; : P X P X [0,1] -)■ T by u{-, •,f) := Ur(t){-, •)• 

Since P is discrete in the simply connected (contractible actually) nilpotent Lie 
group 17T(4,R)/Z(17T(4,R)), it follows from Theorem 4.2 of [19] that K^{Be) = 
K,{C*{T)). □ 


4. Range of the trace 

Let A be a unital C*-algebra and r a tracial state on A. We also denote by r the 
state on Kq{A). In general it is difficult to calculate the range t{Kq{A)) C R. 

Pimsner showed in [23] that in the case of crossed products by free groups an 
examination of the de la Harpe-Skandalis determinant [3] can sometimes lead to a 
satisfying description of the range of the trace of the crossed product. Pimsner’s ideas 
work particularly well for the cases at hand. 

We very briefly recall the necessary background from [3] and [23] (see also 0) and 
refer the reader to [23] for more information and proofs of the claims made below. 

Let U{A) denote the unitary group of a C*-algebra. Let t/oo(A) be the inductive 
limit of U{Mn{A)) in the usual way. Let Uoo{A)q denote the connected component of 
the identity in Uoo{A). 

For a piecewise differentiable path ^ : [0,1] —)• Rqo one dehnes 

1 

^r(0 = ^ 

0 

The map A^- is constant on homotopy classes with hxed endpoints. Let ^ be a 
differentiable path of unitaries and u > 1 an integer. From the following easily 
derivable formula, 

, n—1 

-r(i) = <(*«”-'(*)- 

i=l 




one deduces that 
(4.1) 
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A.(n = riA.(0- 


Lemma 4.1. Let u,v E Un{A) be unitaries. Then for any piecewise differentiable 
path f from 1 to uvu~^v~^ we have A^(^) = 0. 


Proof. Let «,(() = ( "'"AfL ) “nd define 

^ ^ y sin(7rt/2) — cos(7rt/2) J 

f(t) = ^ ^ w(t) ^ 1 ) ^ 1 ) ^ 1 ) ^(^)- 

It is then a straightforward calculation to see that At-(^) = 0. □ 


Under the Bott isomorphism ICo(A) = Ki(SA), one sees that A,- restricted to 
Ko(A) is just T. Let g : M —)■ M/r(iLo(^)) be the quotient map. Then for any unitary 
u G Uoo(A)o and any piecewise differentiable path f from 1 to m the map 

4r(^) =<t° ^t(0 

is a well-defined group homomorphism. 

Suppose now that a is an automorphism of A and that t = r oa. Define the group 
homomorphism A" : ker(iLi(id) — Ki{a)) —)■ M/r(iLo(^)) by 

Ar(Ni) = A^(Ma-^(M-^)). 

Finally, we have 


Theorem 4.2 (Pimsner [21]). The following sequence is exact: 

0 ^ t{Ko{A)) r{Ko{A x„ Z)) ^ A“(ker(iFi(id) - Kf{a))) 0, 

where the first map is the inclusion and the second is the quotient g : R —)■ R/r(iFo(^))- 

It is well known that Aq arises as a crossed product C(T) x Z, hence we may apply 
the Kiinneth formula [32], which provides 

Ko{Ae <8) Ae) = (iFo(Ae) 0 iFo(A,)) © (iFi(Ae) 0 iFi(Ae)). 

Let r be the unique trace on 0 A^. We also denote by r the extension of this trace 
to Bg. Pimsner and Voiculescu showed in [23] that the range of the trace on Kq^Aq) 
is Z + 6'Z. From this it follows that 

Z + eZ + e^ZG T{Ko{Ag 0 Ag)). 

Moreover from the description of the map in the Kiinneth formula one checks that 

ker(r) © KfiAg) 0 KfiAg), 


hence 

(4.2) 


T(Ka(Ae 0 Ae)) = Z + »Z + «^Z. 
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4 . 1 . A finite index subgroup. Eventually we will apply Pimsner’s ideas of the 
previous section to compute the range of the trace for 0 Ag xi^ Z. As one 

might expect from Pimsner’s Theorem 14.21 a good description of ker(Ai(id) — Ki{f 5 )) 
is helpful. In our case a complication arises because the automorphism fi oi Aq® Aq 
mixes up the tensor factors making it difficult to describe ker(Ai(id) — Ai (/?)). In this 
section we look at a subalgebra A C Bq that is isomorphic to a crossed product of 
A2e®A2e by an automorphism that does factor as a tensor product of automorphisms 
of A2e (providing an easy path to the range of the trace calculation for A). The algebra 
A is “big enough” to then yield the range of trace calculation for Bg. 

Recall the Heisenberg group IHI4 dehned in fl 2 . 1 l) . and the automorphism /3 from 
fl 2 . 4 p . Then = Z^. Since (3 hxes the center, it drops to an automorphism 

of lA (which we still denote by /?). The matrix for (3 r\JA with respect to the basis 
{1 + 012,1 + 013 ,1 + 024) 1 + C34} mod Z (1114) is 


/5 = 


/ 1 
-1 

V 




1 

0 


Then the following two subgroups of ZA are invariant under f 3 and (3 


-1 


(4.3) 


X = 


/ 


V 


0 \ 
-1 
1 

0 / 


/ 1 \ 
0 
0 

VI/ 


Y = 


/ 

0 

\ 


/ 

1 \ 


-1 




0 


-1 




0 

V 

0 



V 

- 1 / 

TT 

z 

i 


z^ 

/{X, 


map. Then 37r(0i) = vr(0i) = 71(04) A ^(^2) = 71(03) = 37r(03), so 
(4.4) ' AA /{ X , Y) = Z/ 2 Z X Z/ 2 Z. 


Now set X (resp. Y) equal to the inverse image of X (resp. Y) under the quotient 
map IHI4 —)■ ZiWAj. 


Definition 4 . 3 . Set Ui = 710(1-013 + 024), Vi = 710(1 + 012 + 034), ^2 = 710(1-013-024), 
V2 = 710(1 + 012-034)- Then C*{ui,Vi) = C*{jg{X)) = A20 = C*( 7 r 0 (y)) = C*{u2,V2) 
and by similar reasoning as in Lemma I^TTI we have C*({'Uj, n, : i = 1 , 2 }) = C*(mi, ni )0 
C* (m 2 , V2) = A20 ® A20. 


Furthermore we have we have ( 3 \a 20 ®A 20 = Ai® A2 where 
( 4 . 5 ) Aj{uj) = Uj, and Aj{vj) = exp{{—iy 27 ii 9 )ujVj, for j = 1 , 2 . 

The above information combines with [ 22 l Corollary 2 . 5 ] to provide 

Lemma 4 . 4 . For j = 1,2 we have K^Aj) = id and Ki{Aj){[^j\i) = [^j\i 
^i(/^i)(Ni) = [ujVjA- 

Let G < IHI4 be the subgroup generated by X and Y. Then |]Hl4/G| = 4 by fl4.4p . 
Let 0 = Xq,Xi,X2,X3 G IHI4 be EI4/G coset representatives. As in Dehnition 14.31 we 
have A20 ® A20 = C'*(7r0(G)). 
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Consider the unitary representation tt^Ig of G. The unitary representation Tig of IHI 4 
is just the induced representation Ind^"‘( 7 r 0 |G). It then follows from the general theory 
of induced representations (see for example, PQ Appendix E]) and C*-algebras that 
there is an embedding a ■. Ag® Ag ^ Tf|H 4 /G|(A 20 ® A 20 ) = Mi[A 2 g ® A 2 g) such that 


a{T^g{t)) 


( T^g{t) \ 

T^g{x'{Hxx) 

Tlg{x2^tX2) 

\ ■Kgix'^hx'i) 


ioY all t E G. Notice that each generator ui,U 2 ,Vi,V 2 G G*{7ig{G)) is mapped to a 
scalar multiple of itself under the automorphisms Ad( 7 r 0 (a;j) for i = 1,2,3. In par¬ 
ticular each of the automorphisms Ad( 7 r 0 (xj)) is homotopic to the identity. We have 
shown the following 


Proposition 4.5. Let l : A 2 g ® A 20 —)■ Ag ® Ag he the inclusion map given by 
G*{ 7 ig{G)) C C*(7r0(]H[4)). Let a be as above. Then K^{a o t) = 4 • idK 4 A 2 e'»A 2 e)- 
the functoriality of K^, and the fact that all the K-groups of Ag 0 Ag and A 20 0 A 2 g 
are torsion free, we have K^{i) and K^{a) are both injective. 

4.2. Range of trace. Let A and B be C*-algebras. In [30], Schochet describes a 
Z/2Z graded pairing 


(4.6) a : Kp{A) 0 Kq{B) —)• iLp+q(A 0 R), p^qE'Lj^'L 

that is an isomorphism when A is in the “bootstrap class” and B has torsion free 
K-theory [30l Theorem 2.14]. Suppose now that A and B satisfy the conditions of 
the previous sentence. 

Let = /9i 0 /I 2 be an automorphism of A 0 R. It is clear that Ar*(/li) 0 K^(/ 32 ) 
induces a graded automorphism of K,^{A) 0 iL*(R). Moreover, by the description of 
a, a straightforward verihcation reveals that the following diagram commutes: 


(4.7) 


K,{A)®K,{B) 

A.(/3i)(g)A*(/32) 

A,(A) 0 iL,(R) 


K^{A®B) 

A*(/3i(g)/32) 

K,{A®B) 


Since Ag is isomorphic to a crossed product of the form C'(T) xi Z, it is in the boot¬ 
strap class by [301 Proposition 2.7]. Since Ag has torsion free K-theory, we have an 
isomorphism in fl4.6p when A = B = Ag. 

Recall from [22] that Kf){A 2 g) = Ki{A 2 g) = T?. Moreover for unitary generators 
wi and W 2 , we have {[tai]i, [rr' 2 ]i} a free basis for Ki{A 2 g). By [30| we have 


K,{A2e ® A2g) = [Ko{A2g) 0 K,{A2e)] © [^^ 1 (^ 20 ) 0 K^{A2g)] = Z^ © Z^ = Z^. 
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Under this identification and the ordered free bases [uj]i} of Ki{A 2 e)-i by 

Lemma [4.41 we have 


^i(/3i®/32) = 


idz2 0 


1 1 
0 1 


1 1 
0 1 


We therefore have the following 


Lemma 4.6. The subgroup ker(iLi(id) — Ki{/3i 0 (32)) < Ki{A20:s,2e) is generated by 
the set 


(4.8) {[p 0 + (1 — p) 0 l]i, [mi 0 p + 1 0 (1 — p)]i : p G A 2 e is a projection}. 

Theorem 4.7. We have 

T{Ko{Be)) = T{Ko{{Ae 0 Ae) Z)) = Z + 

Proof. By fl4.2p and Theorem l4.2l it suffices to show that for all x G ker{Ki{id)—Ki{/3)) 
we have Af(a;) = 0. By Proposition 14.51 for any x G ker(iPi(idA^(g)Ae) — ^iW)) we 
have ix G ker(iLi(id/i 2 e(g)A 29 ) ~ Ki{(3)). Therefore by (14.11) we need to show that for 
any [tcji G ker(iLi(idA 20 ( 8 )A 29 ) ~ Ki{/3)) and differentiable path ^ from the identity to 
w(3~^{w) in (t/oo)o we have At-(^) = 0. 

By Lemma [4.61 we only need to show this for those w of the form in fl4.8p . We will 
only show it for w of the form [p 0 'U 2 + (l—p)0l]i (one proves it for [iii0p+l0(l—p)]i 
in exactly the same manner). 

By a result of Rieffel [2S1 Corollary 2.5] the projections p and (3f^{p) are unitarily 
equivalent. Since /32{u2) = U 2 it follows that p®U 2 + (1 —p) 0 1 is unitarily equivalent 
to /d(p 0 + (1 — p) 0 1). The conclusion now follows from Lemma 14.11 □ 


5. Elliott invariants 


We now gather the information of the proceeding sections to describe the Elliott 
invariants of the algebras Bg. 

Theorem 5.1. Let 9 be irrational. Then Bg is a simple AT algebra with unigue trace 
and Ki{Bg) ^ for z = 0, L Let 0 = (1, 9, 9^, 0,..., 0) G Then 

(5.1) Ko{Bg)+ = {0} U {x G Zi° : (x, 0) > 0}. 

Proof. The iL-groups were calculated in Corollary 13.21 Since Bg is the C*-algebra 
generated by an irreducible representation of a hnitely generated nilpotent group, it 
is simple with a unique trace (this is well known, see e.g. the introduction of [5]). 

It follows from [6], Theorems 2.9 & 4.4 ] that Bg has strict comparison. Since 
Bg has unique trace, this means the order structure on K^i^Bg) = Z^° is completely 
determined by the range of the trace, which is Z + 0Z + 9‘^'L by Theorem 14.71 This 
shows fl5.ip . 

This description of {K^^Bg), K^i^Bg)^) shows it is a Riesz group, and therefore a 
dimension group by the Effros-Handelman-Shen theorem [7]. Therefore Bg has the 
same Elliott invariant of an AT algebra by [9]. 

Since Ag is an AT algebra by m, it follows that Ag 0 Ag is an AT^ algebra (it is 
actually an AT algebra see m Proposition 3.25]) and therefore satishes the universal 
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coefficient theorem by [29]. Also by [29], it follows that (Ag (g) Ag) Z satishes the 
universal coefficient theorem. By [5], Bg is quasidiagonal and by [6] Bg has hnite 
nuclear dimension. By Theorem 12.11 Bg is therefore isomorphic to an AT algebra. 

□ 


6. An isomorphism criterion 

As mentioned in the introduction we intend to show there are irrational numbers 
6 , T] such that Bg = but Bg and Bn are not “obviously” isomorphic (i.e. 6 ^ 
—rj mod Z). This shows that one must use the classihcation theorem fTheorem 12.11) 
to classify the algebras {Bg : 0 e (0,1) \ Q} amongst themselves. 

By the results of the preceding sections it follows that Bg and are isomorphic 
if and only if the ordered groups (Z^, (1, 0, 0), Pg) and (Z^, (1, 0, 0), P^) with distin¬ 
guished order unit are isomorphic, where P^ = {x G Z^ | Xi + X 2 O + > 0} U {0}. 

An automorphism of 1? to J? is implemented by some A* G GL(3,Z) ( t denotes 
transpose), and it is easy to see that A* sends Pg to P^ if and only if 



We will hnd below that for most pairs {6, t]), fl6.ip holds if and only Hr] = ±6 (mod Z). 
This reflects the situation with the irrational rotation algebras Ag. However, for 
certain 6 , there are more possibilities. 

Fix an irrational 6 . Our goal is to more easily describe the relation between 6 and 
r] given by fl6.ip . Equation fl6.1|) dehnes an equivalence relation 6 ^ rj which extends 
the equivalence relation 6 = ±7] (mod Z), since if t] = ±6 -|- k with fc G Z, then 

1 0 0\ /1\ /I 

k ±1 0 0 = 1] 

±2k 1) \ey 

We will describe the relation ~ in several cases based on deg6* (that is, the degree of 
the minimal polynomial of 6 over Q). 



6.1. deg 6* > 2. Throughout this subsection hx a 6* with degree strictly bigger than 
two. Suppose that 9 ^ rj. The degree restriction implies that the hrst row of A must 
be (1 0 0). Also, since we are only counting the number of r^’s which are distinct 
mod Z and modulo the automorphism r] ha —t], we may assume that 021 = 0 and 
det A = 1. Then we may write A in the form 

/I 0 0\ 

(6.2) A = 0 a 6 . 

\c d ej 


By dSH), 


{aO -I- hO'^Y = yf = c + dO 
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hence 

(6.3) b‘^9^ + 2ab9^ + (a^ — e)9‘^ — d9 — c = 0. 

We now split into three subcases. 

Case (a): 9 has degree > 4. Then the coefficients of the polynomial in fl6.3p must 
be zero. In particular, 6 = 0 and e = o?. Then A is lower triangular, and since 
det A = 1, it follows that a = e = 1. But then rj = 9. 

Case (b): 9 has degree 4. Let p{x) = + \ 2 X^ + Aix + Aq, with A* G Q, be 

the minimal polynomial for 9. Then it follows that 

2 ab = 6 ^ As, 

— e = 6 ^A 2 , 

—d = 6 ^Ai, 

—c = 6 ^Ao. 

Moreover, ae — bd = det (A) = 1. Note that if 6 = 0, then just as in case (a), we have 
a = 1 and hence rj = 9. Otherwise, we have 

a = -6A3, 

2 

e = ^ 6 ^A 3 - 6 ^A 2 , 

d = — 6 ^Ai, 
c = - 6 ^Ao, 

and hence pb^ = 1 , where 

1 n 1 

h = g-^3 “ + Ai. 

Case (c): 9 has degree 3. Let p{x) = x^ +A 2 X^ +AiX + Aq be the minimal polynomial 
for 9. Then, we have 

( 2 a 6 - b^X2)9^ + (a^ - e - b^Xi)9^ - {d + b^Xo)9 - c = 0 

in which case, 

0 ? — e — 6 ^Ai = {2ab — b^X 2 )X 2 , 

-{d + b'^Xo) = {2ab-b^X2)Xi, 

—c = {2oh — 6 ^A 2 )Ao. 

The above equations allow us to express c, d and e in terms of a and b. Then, again 
using det A = ae — bd = 1, we have 

(6.4) — 2 X 20 .% + {X\ + Xi)ab^ + (Aq — AiA 2 ) 6 ^ = det A = 1. 

The above equation is of the form F{a, b) = 0, where F(x, y) = x^+px'^y+qxy'^+ry'^ — 
1 is a cubic polynomial with rational coefficients. Its projectivization is F{X, Y, Z) = 
+ pX^Y + qXY^ + rY^ - ZT 
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Lemma 6.1. The projective curve defined by F{X,Y,Z) = 0 is nonsingular, that 
is, there are no points [X : Y : Z] G for which F, and all vanish 

simultaneously. 

Proof. Since = 3Z‘^, any nonsingular point must lie in So suppose {x, y) G 
satisfy fy (a^, y) = u) = 0- Writing t = x P \py, we have 


= St' + u - T7P b = 0 


dF 
dx 

which implies t^ = — |g) y"^. Let k = Rewriting ^ in terms of t, and 

using that t^ = ky"^, we get 

BF ( 1 \ 

= (Ipk — Qk^^"^ + 3r- pq ) = 0. 

dy \ 3 J 

If 1 / = 0, then t = 0 and hence x = 0. But then F{x, y) = —1. Hence we may assume 
instead that 

a = 2pk — 6 b' + 3r — -pq = 0. 

o 

Now, rewriting F in terms of t, and again using that t^ = ky'^, we get 
F{x, y) = _|_ p/j _|_ 7 .^ ^3 _ i_ 

Writing (3 for the coefficient of y^ above, we see that 

3/3 = —+ 3pk P3r = aPpk — + -pg = a. 

9 9 3 

Since a = 0 , it follows that F{x,y) = —1, and hence (x, p) does not lie on the 
curve. □ 

Siegel’s theorem ( [31]) implies that the curve F{x,y) = 0 can only have hnitely 
many integral points. It follows that there are only hnitely many choices for A, and 
hence for p. 

6.2. deg^ = 2. Here we take a different strategy for determining how many p may 
satisfy 0 ~ p, by studying the groups = Z + pZ + p^Z. Note that if 0 ~ p, then 
Gq = Gr,. So suppose this is true for some p. Since 6 has degree 2 , we may write 


e = 


b^/k 


where a,b,c ^ Z have no common factors, /c G Q, and k can be written r/s where 
r,s ^ Z have no common factors and are each square free. Since 

Q + VkQ = Q + + ^'Q = Q + pQ + p'Q, 

it follows that deg p = 2 as well, and moreover 

X + yy/k 

p =- 
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for some x,y,z G X with no common factors. Now, we have 

G. = Z + j z C ^ (z + x4z) . 

Since rj E Gg, it follows that 

(6.5) 2 ; I c^s. 

Now consider the gronp Q + Gg. We clearly have 

Q + G, = Q + -y/k (z + —z] = Q + —^VkZ 

c \ c J ca 


where d is the denominator of ^ when written in lowest form. Since Q+Gq = Q + Gn, 
we must have 


( 6 . 6 ) 


b 

cd 


JL 

zw 


where w is the denominator of 2x1 z when written in lowest form. 

Now by fl6.5p . there can be only finitely many choices for z. Moreover, w must 
divide z, so there are only hnitely many choices for w. By equation (16.6p . once 2 ; 
and w are fixed, there can only be finitely many choices for y. Finally, we only have 
hnitely many choices (mod Z) for x, and hence we can have only hnitely many choices 
for r] (mod Z). 

Summarizing the above, we have 


Theorem 6.2. Let 6 he irrational. 


• If 9 has degree > 4, then for all rj, Bg = if and only if 9 = ±i] (mod Z). 

• Suppose 9 has degree 4, with minimal polynomial p{x) = x‘^ + X^x^ + X 2 X^ + 
Aix + Aq. If, for some nonzero k E Z, 


~ + -^1 


1 


then Bg = Bjj if and only if rj = ±9 (mod Z) or rj = ±(C (mod Z), where 

( = IfcAs^ + k9^. 


Otherwise, Bg = B^^ if and only if y = ±9 (mod Z). 

• If 9 has degree 2 or 3, then there are finitely many distinct values of rj (mod 
Z) such that Bg = B^^. 


It is already apparent from Theorem 16.21 that in the case where the degree of 9 is 
less than or equal to four, that Bg = Bn will happen more often than Ag zz An- For 
the cases deg6' = 2, 3, we provide examples to illustrate that possibly even more can 
happen. 


Example 6.3. Let 9 be the real solution to 9^ = 9 + 1. Then the equation fl6.4p from 
case (d) in this case is 

- ab"^ -b^ = 1 
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whose integer solutions are (1,0), (0, —1), (±1, —1), and (4,3). These correspond to 
the values rj = 9, —9“^, ±9 — 6 *^, and 49 + 36*^. Since deg 6 ' > 2 , these values are all 
distinct mod Z. 

Finally, we provide a similar example in the case where deg^ = 2. 

Example 6.4. Let 9 = and t] = ht|^. Then (in the notation of case (d)) we 
have 

^9 = 

o y 

Therefore, Be = Brj. On the other hand, 9 is not equal to ±17 + n for any integer n. 

7. A C*- ALGEBRA GENERATED BY A FAITHFUL IRREDUCIBLE REPRESENTATION 
OF A FINITELY GENERATED TORSION FREE NILPOTENT GROUP THAT IS NOT 

AN AT ALGEBRA 

So far all of the algebras we considered turned out to be AT algebras. By Chris 
Phillips’ theorem [ 21 ] if G is any hnitely generated two-step nilpotent group and vr 
a faithful irreducible representation of G, then G*{7t{G)) is an AT algebra. Since a 
natural conjecture forms from the previous sentences we would like to point out that 
it is very easy to produce irreducible representations of hnitely generated nilpotent 
groups (of nilpotency step necessarily larger than 2) that are not AT algebras. 

To this end, let 9 be irrational and u and v be generators of Ag satisfying the 
commutation relation. Consider the automorphism (3 of Ag dehned by /9 (m) = u and 
/5(n) = u^v. It is then clear from the Pimsner-Voiculescu six-term exact sequence 
that Ki{Ag Z) contains an element of order 2. Since all AT algebras have torsion 
free Ai, it follows that Z is not an AT algebra. We claim that x^ Z is 

isomorphic to the C*-algebra generated by an irreducible representation of a 3-step 
nilpotent group. 

Indeed, let Hs < GL{3, Z) be the Heisenberg group with generators a, b. Then 
/3{a) = a and /3{b) = a?b dehnes an automorphism of Ha. Notice that (3 hxes ^(IHIa). 
Moreover the induced action of (3 on ]H[ 3 /Z(]H[ 3 ) = W? is given by the unipotent 
/ 1 2 \ 

matrix ( ^ i ) ’ showing that His x^ Z is a three step nilpotent group. Let ng be 

the representation of Us x^ Z induced from 0 G T = One checks fairly easily 

that G* ( 710(113 xi/3 ^)) — Ag x^ Z. 

Remark 7.1. The above example can clearly be generalized (with minimal effort) in 
a variety of ways to produce all kinds of hnitely generated Ki groups. 
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